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INTRODUCTION 
The object of this thesis is to determine by analyti-
cal methods the temperature at any time within a homogeneous 
semi-infinite solid protected by a uniform layer of insula-
tion, while its one and only one plane face is subjected to 
a periodically fluctuating temperature. The temperature 
at an infinite distance within the solid is to remain con-
stant, and the heat flow in the other two directions is to 
be considered negligible. 
Periodically fluctuating temperatures are frequent in 
both nature and engineering. The surface of the e a rth is 
subjected to temperature changes which are very nearly 
periodic, and these changes are made possible by the sun 
in its daily and annual cycle. A knowledg e of these tem• 
perature fluctuations is very helpful when a decision is to 
be made as to the depth at which water pipes must be laid 
to avoid the danger of freezing. In the engineering field 
the subject of periodic temperature changes has been given 
considerable attention. These changes must be considered 
in the construction of heat engines, annealing of castings, 
cooling of ingots, and the heating and cooling of slabs and 
furnace wall sections. 
The study of heat conduction is not limited to problems 
of heat alone. In t h e field of fluid flow through a porous 
media, in certain gravitational problems, in elasticity, 
and in current and static electricity, the problems involved 
1 
and equations used are, in most cases, analagous to 
problems of heat conduction. 
This pa rticular problem in periodic hea t flow was 
chosen by the author because thus far all analytical treat-
ment had been on the basis of heat flow taking place in a 
homogeneous material. It is the object of this paper to 
investigate the effects of a layer of insulation on periodic 
heat flow. 
2 
REVIEW OF LI TER.ATURE 
From the literature available concerning the subject 
o~ periodic heat ~low, it was obvious that all work done 
could be classified into three distinct groups. The ~irst 
group is an analytical approach solved purely by mathemat-
ical methods. The second group is an analytical approach 
solved by graphical methods or analogies. The third group 
contains the results o~ experimental methods. 
There is little doubt that the first important work 
done on this subject by purely a mathematical analysis was 
that of Fourier, (1) The more recent work of Ingersoll, 
3 
(1) ~. Fourier, The Analytical Theory of Heat, translated 
with notes by A, Freeman, London, The University Press, 
1878, pp. 104-115, pp. 323-332. 
Zobel, and Ingersoll(2) has presented much of the material 
(2) L. R. Ingersoll, o. ~. Zobel, and A. C. Ingersoll, 
Heat Conduction with Engineering and Geological 
Applications, 1st Ed., N.Y., McGraw-Hill, 1948, 
pp. 45-47. 
previously mentioned in a somewhat simpler and more readable 
~orm. 
The approximate graphical methods applied to specific 
problems, such as the Schmidt method (3) and the relaxation 
(3) w. H. McAdams, Heat Transmission, 2nd. Ed., N. Y., 
McGraw-Hill, 1942, pp. 39-43. 
method(4) and the membrane analogy method(5), are of great 
(4) Max Jakob, Heat Transfer, Vol. 1., N.Y., John Wiley 
and Sons, 1949, pp. 373-377. 
(5) L. H. Wilson, The Application of the Membrane Analogy 
to the Solution of Heat Conduction Problems, Thesis, 
Missouri School of Mines, 1948. 
importance because there are many cases where mathematical 
treatment of heat conduction in a body is difficult or even 
impossible. 
Th ere are various papers available in the A.S.M.E . 
Transactions on this and closely related subjects, however, 
the greatest part of this material is in the form of tables 
and curves arrived at from experimentation. Experimental 
data on the heating and cooling of solids of various shapes 
may be found in the work of McAdams.(6) 
(6) w. H. McAdams, Heat Transmission, 2nd Ed., N.Y., 
McGraw-Hill, 1942, pp. 27-38. 
In all the literature available the solution of the 
problem investigated in this thesis has not been attempted. 
4 
5 
TABLE OF UNITS 
SYMBOL 1JNITS SIGNIFICANCE 
t hour time 
T OF temperature, degrees F 
Q BTU quantity of heat 
X ft. distance normal to .surface 
A ft. 2 area 
k BTU/hr.ft.°F thermal conductivity 
c BTU/lb. °F specific heat 
~ lb./ft. 3 density 
tJ( ft. 2/hr. thermal diffusivity 




e constant (2.?18 ••• ) 
1 .r-1 constant 
t constant 
4- constant 
..,. constant (3.1416 •• ) 
b:!SCUSSION 
Periodic heat flow ~eans that the flow of heat is a 
function of time and will repeat itself at given time 
intervals. In the sam$ ~anner a periodic temperature 
will take on & particula~ set of values in a certain time 
interval, and then repeat itself by acquiring the same 
values in the same time interval. 
In the solution ot the thesis problem it must be 
remembered that the flow of heat will take place in one 
and only one direction a~q will be normal to the surface 
of the solid. Also, the ~low of heat will be considered 
to take place entirely b1 conduction and the effects of 
convection and radiation ~ill be neglected. The follow-
ing equations will be det"l.ved with this in mind. 
Fourier's law for tve conduction of heat states that 
the instantaneous rate of heat flow d~/dt, where dQ is 
the amount of heat flowi~~ in differential time, dt is 
equal to the product of t.i:Q.ee factors-: the area A of the 
section, taken at right 3ng1es to the direction of heat 
flow; the temperature g~ad1ent -dT/dx, which is the rate 
of change of the temper~tu~e T with respect to the length 
of path x; and a proportiOnally factor k, known as the 
thermal conductivity.(7) ~his law expressed mathematically 
(7) w. H. McAdams, Heat ~ansmission, 2nd Ed., N.Y., 
McGraw-Hill, 1942, pp. 6~7. 
6 
is 
In order that we may derive a more g eneral equation 
ror the conduction of heat, a small rectangular solid 
whose faces are parallel to the co-ordinate planes xy, yz, 
and zx is assumed. The lengths of the respective sides of 
this solid will then be denoted by dx, dy, and dz. 
il 
~-----------------X 
Fig. No. 1. Sketch of a small rectangular solid 
in rectangular co-ordinates 
Since the heat will be flowing in one and only one 
direction, the temperature at any plane parallel to the 
surface at which the periodic temperature is applied is 
to be uniform at any certain time t. For convenience a 
plane half way through the rectangular solid was chosen, 
and the temperature at this plane will be denoted as Ta• 
If the flow of heat is in the positive x direction, 
then the temperature on the left dy-dz face will be 
7 
(1) 
greater than the temperature on the right dy-dz face. 
The temperatures of these faces may now be written a s 
and 
Thus, the actual temperature difference between the two 
faces of the cube will be the difference between equations 
( 2) a n d ( 3). 
7Z-7A =f-,;. -rlf)~J -[r.. + (lf)f'§ 
LJ '- 7; = - (-/[)J.'1- . 
By applying Fourier's law for the conduction of heat, 
the heat flowing into the left face of the cube may be 
written as 
and the heat flowing out of the right face of the cube 
may be written as 
Thus, the actual amount of heat stored within the cube, 
in differential time dt, will be the difference between 
equations (5) and (6). 
8 







The basic equation or heat storage is 
(8) 
where dQ/dt is the heat stored per unit time, in the volume 
dx dy dz or a medium or density t'f' and speciric heat c when 
the temperature increases by dT in a time interval dt.(8} 
(8) Max Jakob, Heat Transrer, Vol. I., N. Y., John Wiley 
and Sons, 1949, p. 3. 
We now have two expressions ror the same quantity, which 
is the amount or heat stored in this rectangular solid. 
Equating equations (7) and (8), we have 
d r , J. di ciJlT 
,P c ,;1?-J!/ d! a -t = ~ 41~ rr !' ,-;;r& 
A new quantity will now be introduced, the "t.hermal 
difrusivi ty," 
10 
Hence, we may write 
(9) 
This is known as Fourier's equation, when the ~low o~ 
heat is in the x-direction only. It expresses the condi-
tions that govern the rlow o~ heat in a body, and the 
solution o~ any particular problem in heat conduction 
must ~irst or all satis~y this equation no matter what 
the boundary conditions may be. The boundary condition 
in this paper will be that of a cyclic temperature ~unc­
tion applied to the surface o~ the solid. This cyclic 
temperature ~unction will be taken as a simple trigone-
metric ~unction whose equation is 
r= T;'s/",uJ r (10) 
at the sur~ace where x equals zero. In this equation T 
represents the temperature at any time t, T0 represents 
the am.pli tude o~ the temperature wave, a.nd eu is the ~re­
quency o~ the cyclic function. 
As the equation (9) is linear and homogeneous with 
constant coefficients, we can chose a particular solution 
of the ~ollowing form: 
{9) 
(9) 
L. R. Ingersoll, o. J. Zobel, and A. C. Ingersoll, 
Heat Conduction With Engineering and Geological 
Applications, 1st Ed., N.Y., McGraw-Hill, 1948, 
p. 46. 
(11) 
where T is the instantaneous temperature at time t; 
x is the distance measured normal to the surface; and 
B, a, and b are constants. Dirrerentiating equation (11) 
once with respect to time t, and twice with respect to 
distance x, the following partials may be written: 
By substituting equations (12) and (13) into equation 
(9), one or the constants in the exponent can be round 
in terms of the other: 
~ a'"~--~> .LI ~ Be ,.~ .,.~ 
..,. B e -= (JI( ~ 
Now substituting equation (14) into equation (11), 
equation (11) becomes: 
Since b is a constant, it may be replaced by a new con-
stant tA. t, where i is to equal the square root of minus 
one. Making this substitution equation (15) becomes: 










(7- -1- ( 1-1-A.') 
- I& 
and 
f-£::: -1- (1-.A!... 
- r-:~= (10) 
( 10) Ibid. 
equation (16) becomes: 
or 
t= 8 [e :!--! ~l}[e +,.:(tt-:-.~r:~~ 
• 
By using Euler's transformation, i.e.: 
e + A.-9- .L • • 
- : C OS ~ :Z A. 5 I n 4-J 
there are many particular solutions for equation (1?). 
It should be remembered, however, for an equation of this 
type and when using Euler's transformation, there is a 
portion of the equation which is real and a portion which 
12 
(17) 
is imaginary. Since the temperature is a real quantity and 
must be equated to real quantities, then the imaginary part 
of the equation must be dropped as having no value in the 
problem. It must also be remembered that when the sign of 
i or its roots is chosen, it must be maintained all the way 
through the solution. With this in mind, the one particular 
solution that will fit the boundary conditions and is of 
value can be written: 
13 
( 18) 
Equating this to the boundary conditions at the plane 
x = o, gives: 
then 
8 =-To and ~= w . 
Thus the solution of the problem is: 
(19) 
There are many fields where this type of temperature 
distribution is present and can be studied. In practically 
all of these fields the transfer of heat does not take place 
by conduction alone, but by a combination of conduction 
and convection and at very high temperatures, radiation 
must also be considered. It is the purpose of this paper, 
however, to exclude the effects of convection and radia-
tion and to consider the flow of heat taking place purely 
by conduction and entirely within the solid. 
In order to understand the methods used in this paper, 
it is necessary first to examine equation (19). Neither 
14 
the frequency, w/;aT , nor the sinusoidal form of the temp-
erature oscillation changes with the distance x; only 
its amplitude decreases as the distance x increases. (11) 
(11) Max Jakob, Heat Transfer, Vol. 1, N.Y., John Wiley 
and Sons, 1949, p. 294. 
The amplitude then decreases according to the following 
exponential function: 
The initial temperature function is applied directly to 
(20) 
the exterior surface of the insulation. This temperature 
will always remain cyclic in nature and of the same fre-
quency in its progression through the system. However, its 
passage through any solid, whether it is the layer of 
insulation or the semi-infinite solid, is accompanied by 
a change in amplitude. The temperature wave leaving the 
layer of insulation must be the same as the temperature 
wave entering the solid. Also with this in mind, the temp-
erature amplitude leaving the layer of insulation, i.e.: 
(21) 
must be equal to the temperature amplitude entering the 
15 
surface of the solid, i.e.: 
(22) 
In equations ( 21) and ( 22) ~~ and fl(, respectively pertain 
to the depth and thermal diffusivity of the insulation and 
?!z and ~~~'• respectively pertain to the depth and thermal 
diffusivity of the solid. Equating equations (21) and (22) 
or 
Since the above equation must equal one, then the exponent 




Equation (23) shows us that there is a possible relation-
ship between the distance :x: and the thermal diffusivi ty II( • 
of any two materials. It is through this relationship 
that this paper will consider the effect of a layer 
of insulation on the periodic heat flow in a semi-infinite 
solid. 
As an example to clarify this point, it might be 
well to take a practical example. A semi-infinite solid 
made of steel having a protective layer of asbestos of 
1 ft. thickness is assumed. The thermal diffusivity of 
steel and asbestos can be taken as 0.48 and 0.01 ft. 2 /hr. 
respectively. (12) This arrangement is shown in Fig . 2; 
(12) L. R. Ingersoll,- 0. J. Zobel, and A. C. Ingersoll, 
Heat Conduction With Engineering and Geological 
Applications, 1st Ed., N.Y., McGraw-Hill, 1948, 
pp. 242-246. 
Fig. 2. Sketch of solid medium with protective 
layer of insulation 
In order to replace the 1 ft. of asbestos with a 
cer tain equivalent thickness of steel of which the semi-
infinite solid is composed, the known values can be 
16 
substituted into equation (23). The result: 
and 
Thus it would take a 6.93 foot thickness of steel to be 
equal in resistance to the original 1 foot thickness of 
asbestos. A new sketch of the semi-infinite solid may 
now be drawn. Its new appearance will look something 
like this: 
Fig. 3. Sketch of solid medium with equivalent 
layer of insulation 
The cyclic temperature is now applied to the top of 
the upper slab in Fig. 3 just as it was applied to the 
top of the slab of insulation in Fig. 2. The actual sur-
face of the solid is now 6.93 feet below the surface to 
which the cyclic temperature -is being applied. Thus an 
equivalent system f _or the solid and the layer of insula-
tion has been set up and the effect of the 6.93 feet, 
upper layer of steel shown in Fig. 3, can be studied. 
17 
18 
Its effect on the temperature distribution will be the same 
as that o~ the one-foot layer of insulation, therefore, 
the heat ~low taking place in the insulation and the solid 
can be equated to an equivalent system where the heat flow 
taking place is in one and·only one material. 
Possibly the best way to look at the practical aspects 
o~ this paper would be to draw a series of curves denoting 
the desired variables to be studied. There are a number 
of possible curves that could be drawn for this type of 
heat ~low and each c~rve would have its own particular 
value. In this paper, however, the temperature amplitude 
for each cycle will be plotted against the depth at which 
it occurs. This means that the part of the equation 
which is trigonometric in form will be given the value of 
one and the remainder o~ the equation is the amplitude. 
It is also obvious that the temperature amplitude will 
decrease as the distance x increases. The greater the 
thermal diffusi vi ty tl( and the smaller the frequency,~)'(" , 
the higher will be the value of the temperature ampli-
tude. In other words, the material will act as a damper 
for the temperature fluctuations. 
After the curves were plotted, there was an interesting 
fact to be noted. Regardless of what frequency is used, 
there is one and only one depth of a certain material that 
will be equivalent to a certain thickness of insulation. 
This line, if plotted, would then be parallel to the 
ordinate, if the curves are plotted with the depth as the 
abscissa, a nd the temperature amplitude as the ordinate. 
The values or the thermal dirfusivities and of the 
frequencies were chosen from an unlimited number. It is 
not meant that those in this paper are more than a repre-
sentative sample, but it is hoped that those chosen are 
or value in showing what efrect a layer of insulation 
would have on the flow of heat through a semi-infinite 
solid. 
The amplitude of the temperature wave will be taken 
as T0 and not some speciric numerical value. This will 
then give us the values of the temperature amplitude at 
any distance x in terms of T0 • This was chosen by the 
author to be advantageous because the temperature ampli-
tude decreases according to exponential function and not 
by any specific values of the surrace temperature varia-
tions. Since the surface temperature was not given a 
value, the effects of radiation on the flow of heat were 
neglected. 
The curves drawn of temperature amplitude versus 
depth are for aluminum, copper, steel, and zinc. The 





PENETRATION OF THE CYCLIC TEMPERATURE IN .ALUMINUM OF DIFFUSIVITY 
3.33 FT2/Im. 
PROTECTED BY ASBESTOS OF DIFFUSIVITY 
0,01 FT2/HR. 
Applied temperature ~ction: T = T0 sin-t 
Temperature amplitude (To) OJ!' 
X «< = 10 w = 30 "'-'= 60 
o.o 1.000 1.000 1.000 
0.1 0.885 0.810 0.740 
0.2 0.783 0.655 0.550 
0.3 0.692 0.529 0.406 
0.4 0.614 0.429 0.301 
0.5 0.542 0.346 0.223 
0.5 0.480 0.280 0.155 
0.7 0.425 0.226 0.123 
o.8 0.388 0.184 0.091 
0.9 0.332 0.148 0.067 
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PENETRATION OF 'IRE CYCLIC TEMPERATURE ,lli COPPER Q! DI FFtJSIVITY 
4.42 FT2/HR. 
P ROTECTED BY ASBESTOS Q! DIFFUSIVITY 
0.01 FT2 /HR. 
Applied temperature function: T = T0sin~t 
Temperature amplitude (To) oF 
X t:I,J = 10 ~ = 30 eAJ = 60 
o.o 1.000 1.000 1.000 
0.1 0.900 0.830 0.765 
0.2 0.809 0.691 0.589 
0.3 0.726 0.575 0.448 
0.4 0.652 0.479 0.346 
0.5 0.586 0.397 0.266 
0.6 0.529 0.331 0.204 
0.7 0.474 0.275 0.156 
0.8 0.426 0.229 0.120 
0.9 0.37? 0.190 0.092 




PENETRATION OF THE CYCLIC TEMPERATURE IN STEEL OF DIFFUSIVITY 
0. 48 FT2/HR. 
PROTECTED ;[! ASBESTOS OF DIFFUSIVITY 
0.01 FT2/HR. 
Applied temperature function: T = T0sin~t 
Temperature amplitude (To} oF 
X &A.J= 10 ~ = 30 W = 60 
o.oo 1.000 1.000 1.000 
0.05 0.850 0.?55 0.6?8 
0.10 0.?25 0.5?3 0.455 
0.15 0.61? 0.433 0.306 
0.20 0.526 0.328 0.206 
0.25 0.446 0.248 0.139 
0.30 0.380 0.18? 0.093 
0.35 0.325 0.142 0.063 
0.40 0.2?6 0.108 0.042 
0.45 0.235 0.081 0.029 




PENETRATION OF THE CYCLIC TEMPERATURE IN ZINC OF DIFFUSIVITY 
1.60 FT2/HR. 
PROTECTED BY ASBESTOS OF DIFFUSIVITY 
0.01 FT2/HR. 
Applied temperature function: T = T0 sinat 
Temperature amplitude (To) oF 
X W= 10 tAJ .... 30 W= 60 
o.o 1.000 1.000 1.000 
0.1 0.838 0.736 0.650 
0.2 0.701 0.542 0.422 
0.3 0.590 0.400 0.274 
0.4 0.494 0.294 0.178 
0.5 0.415 0.216 0.116 
0.6 0.347 0.160 0.075 
0.7 0.291 0.118 0.049 
0.8 0.243 0.086 0.030 
0.9 0.205 0.064 0.021 












PENETRATION OF THE CYCLIC TEMPERATURE IN ALUMINUM OF DIFFUSIVITY 
3. 33 FT2/HR. 
PROTECTED BY FIRE CLAY BRICK OF DIFFUSIVITY 
0.02 FT2/HR. 
Applied temperature ~unction: T = T0sin~t 
Temperature amplitude (To) oF 
X ~= 10 c:u = 30 Q)= 50 
o.o 1.000 1.000 1.000 
0.1 0.885 0.810 0.740 
0.2 0.783 0.555 0.550 
0.3 0.592 0.529 0.405 
0.4 0.514 0.429 0.301 
0.5 0.542 0.345 0.223 
0.5 0.480 0.280 0.155 
0.7 0.425 0.225 0.123 
o.8 0.388 0.184 0.091 
0.9 0.332 0.148 0.057 
1.0 0.293 0.120 0.050 
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TABLE VI 
PENETRATION OF THE CYCLIC TEMPERATURE I N COPPER OF DIFFUSIVITY 
4. 42 FT2/HR. 
PROTECTED BY FIRE CLAY BRICK OF DIFFUSIVITY 
0.02 FT2/HR. 
Applied temperature function: T = T0 sinwt 
Temperature amplitude (To) oF 
X w= 10 w = 30 UJ= 60 
o.o 1.000 1.000 1.000 
0.1 0.900 0.830 0.?65 
0.2 0.809 0.691 0.589 
0.3 0.?26 0.5?5 0.448 
0.4 0.652 0.4?9 0.346 
0.5 0.586 0.39? 0.266 
0.6 0.529 0.331 0.204 
0.? 0.4?4 0.2?5 0.156 
0.8 0.426 0.229 0.120 
0.9 0.3?? 0.190 0.092 




PENETRATION OF THE CYCLIC TEMPERATURE ,Y! STEEL OF DIFFUSIVITY 
0.48 FT2 /HR. 
PROTECTED BY FIRE CLAY BRICK OF DIFFUSIVITY 
0.02 FT2/HR. 
Applied temperature function: T = T0 sin•t 
Temperature amplitude {To) 0]' 
X ecJ= 10 CA} = 30 eAJ= 60 
o.oo 1.000 1.000 1.000 
0.05 0.850 0.?55 0.6?8 
0.10 0.?25 0.5?3 0.455 
0.15 0.61? 0.433 0.306 
0.20 0.526 . o. 328 0.206 
0.25 0.446 0.248 0.139 
0.30 0.380 0.18? 0.093 
0.35 o. 325 0.142 0.063 
0.40 0.2?6 0.108 0.042 
Oo45 0.235 0.081 0.029 
0.50 0.200 0.062 0.019 
. ·:j:.: 
i 




PENETRATION OF THE CYCLIC TEMPERATURE IN ZINC OF DI:F'FUSIVITY 
1 . 60 FT2/:rm.. 
PROTECTED 1?.! FIRE CLAY BRICK OF .;;;.D=IF;;..;FU~S ... I;..;.VI~TY.-.. 
0 . 02 FT2/:rm.. 
Applied temper atu re function: T = T0sin~t 
Temperature amplitude ( T0 ) oF 
X W= 10 tAl= 30 CCI• 60 
o. o 1 . 000 1 . 000 1.000 
0 . 1 0.838 0.?36 0.650 
0 . 2 0.701 0.542 0 . 422 
0 . 3 0 . 590 0 . 400 0 . 2?4 
0 . 4 0 . 494 0 . 294 0.1?8 
0.5 0 . 415 0 . 216 0.116 
0 . 6 0 . 34? 0 . 160 0.0?5 
0 . ? 0.291 0 . 118 0.049 
0 . 8 0.243 0 . 086 0.030 
0 . 9 0 . 205 0.064 0.021 
1 . 0 0 . 171 0.04? 0 . 013 
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CONCLUSIONS 
From the results obtained in this investigation of 
periodic heat flow, it can be seen that the equivalent 
system as set up in this paper is a simple means of evalu-
ating the temperature amplitude at any particular distance 
within the semi-infinite solid. 
This system as set up to take care of the layer of 
insulation can be used in any type of heat transmission 
where the heat is transferred by conduction alone, but it 
could be extended to include the effect of convection by 
employing the method of G. L. Scofield (13) in which an 
(13) G. L. Scofield, Periodic Heat Flow, Thesis, Missouri 
School of Mines, 1949. 
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equivalent thickness of material is substituted for the ratio 
of the thermal conductivity to the convection film coefficient. 
It should also be remembered that this system, as set up, 
is a function of temperature only since the temperature drop 
across the layer of insulation can be set up as a temperature 
drop across an equivalent amount of the conducting media. 
From the curves drawn it can be seen that the effect of 
the layer of insulation can be ascertained very easily in a 
graphical sense. Since the curves can be drawn without regard 
to the layer of insulation, they are not dependent in shape 
on this ter.m. Therefore it is quite simple to calculate the 
effect of the layer of insulation if t~e curves for the 
material are known at the desired frequency. The layer 
of insulation can be thought of as increasing the effec-
tive depth of the solid. 
3? 
SUMMARY 
The known analytical knowledge of the periodic heat 
flow can now be extended to take into consideration the 
effect of a layer of insulation on the flow of heat by 
conduction through a semi-infinite solid. This equiva-
lent system as set up is a simple device and is quite 
satisfactory as far as the temperature distribution is 
concerned. 
In this paper the actual surface temperature was not 
considered since the temperature amplitude was found to 
vary only by a function of e, that is, the shape of the 
curve would not change with a change in temperature. 
However, if the surface temperature was high enough the 
effects of radiation could not be neglected. 
There are many other problems yet to be studied in 
this type of heat flow which can be attacked by analyti-
cal reasoning, and it is the hope of the author that at 
some future date this paper can be continued and extended. 
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